Abstract. Finite element method is used to obtain numerical solution to the Danielewski-Holly model of interdiffusion for non-ideal, multi-component open systems and concentration dependent diffusivities. The definition of the week solution of the initial-boundary-value problem of interdiffusion is formulated. Using the Galerkin scheme, the approximate solution to the problem has been derived. The numerical solution is used for calculations of the components' concentration profiles in a diffusion couple and compared with the analytical results showing excellent agreement.
Introduction
In modern mathematics and its applications in science we increasingly more often resort to generalized definition of a solution when the phenomena are described by the partial differential equations, PDEs. Here by generalized (or weak) solution we understand a function that satisfies some integral equation which is equivalent to the original differential equation. However, this equivalence is limited only to some regular class of functions. There are several reasons why weak solutions are used:
1. The existence of a solution is easier to obtain. 2. Extended class of physical phenomena can be described, especially those where noncontinuous or non-differentiable functions are involved. 3. Effective numerical schemes are available. Some of them (e.g. finite element methods) are the most powerful tools now available in applied mathematics. It should be emphasized that in some situations the use of a weak solution is not a mater of mere convenience but of necessity. There are phenomena where functions which describe the real physical quantities are not continuous or differentiable (e.g. shock waves).
In this paper we applied the idea of generalized solutions to the problem of interdiffusion in multi-component open systems. A derivation of the mathematical model has been already formulated [1] which after rearrangements leads to the following classical initial-boundary value PDE problem [2] 3) The Galerkin approximation of the weak solution. This requires some extensive algebra and calculations. We present here only the main steps, which ultimately lead to the ODEs (system of ordinary differential equations). This system typically consists of several hundred scalar equations. 4) Numerical treatment of the resulting ODEs. This shows the impact of the dimension of the Galerkin space. Comparison against known analytical solution in special cases is provided. 5) Finally we present some numerical tests and compare the numerical solution with the analytical one.
Definition of the Solution
The Danielewski-Holly model of interdiffusion may be translated to a form that is more suitable for mathematical analysis and numerical solution. From the mass conservation law and constancy of the mixture concentration [2] we infer that sum of components' molar fluxes 
Let us introduce the following notations
where i N is a molar fraction of the i-th component. One can easily check that 
Now we are ready to transform equations (1) into a variational (weak) formula. The natural space for the function , then integrating by parts and after some rearranging we arrive finally at the formula which is written below. 
The equation
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(1) w is continuous,
is the standard scalar product in r # .
A Numerical Solution by the Galerkin Approximation
In the above equation , ,
. This problem will be transformed to a numerically treatable form in several steps:
(1) The Galerkin-like method which reduces an infinite dimension problem to a finite dimension. This step involves the appropriately chosen subspace of the Sobolev H . 
w e e w e e e e e This is the reason why this system is not strictly ODE -except in the case when the operator D is affine. To push further numerical calculations we need to approximate these integrals numerically. We used the rectangle method and it proved to be satisfactory. To do this let us divide the interval [ , ] −Λ Λ into N equal subintervals:
[ , ] 
,
after making some lengthy and arduous calculation we at last obtain the following system of ODEs ( ) (2) and (3). In order to solve numerically the system (10) one of many available methods must be applied. Our choice was the standard Runge-Kutta of fourth-order with adaptive step size. It is generally known that the Runge-Kutta method requires relatively small number of right-hand side evaluations. This was especially important in the above system because right-hand side of the ODE is complex and its evaluation is time consuming. The Runge-Kutta method is almost an "industrial standard" but of course it comes in many different flavours. Generally the error estimator can be constructed in two ways: a) using the same RK method, but with two different step-sizes (usually h and h/2), b) using two RK methods of different order, but having the common terms in their expressions (usually m and m+1 stage methods) -so called embedding methods. The first approach yields a considerable increase in the computational effort due to extra functional evaluations needed to estimate the error. For example, in the case of the classical RK4 method one has to make at 11 evaluations when advancing 1 n n y y + → . The second method does not require so many evaluations. We use simultaneously two different Runge-Kutta methods -in our case of order 4 and 5 which share the same set of terms or putting it another way: use the same evaluation points to advance the calculations and estimate the error. The idea is to choose such m+1 stage method, that its first m terms constitute the main part of another m stage method. It turns out that the difference 
Numerical experiments
In this section we give numerical results intended to demonstrate that the proposed methods work well. The model was applied to simulate the interdiffusion process in the ideal binary solid solution for the concentration dependent tracer diffusivities. Functions describing tracer diffusion coefficients of the components were chosen to fulfil a constant value of interdiffusion coefficient and for which an analytical solution is known. In the further part of the paper we will compare the results obtained using presented numerical method for different approximation numbers (N in Eq. (6)) with the analytical one. It will be demonstrated that with increasing approximation number the approximate solution converges to analytical one.
For calculations the following data were used:
(1) Number of components: 2 r = . 
where and a b are constants equal Defect and Diffusion Forum Vols. 237-240 
Summary
Numerical solution to the Danielewski-Holly model of interdiffusion was derived using finite element method. Using Galerkin scheme the effective solution to the problem was obtained. The results (components' concentration profiles) using presented numerical method were obtained for different approximation numbers and compared with the analytical ones. The results obtained indicate that with increasing the approximation number the approximate solution converges to analytical one.
The presented numerical method has been successfully used for multi-component and/or non-ideal systems Co-Fe-Ni, Al-Ni-Pt, Cu-Fe-Ni [7, 8, 2] .
